ID SCHRODINGER OPERATOR WITH PERIODIC PLUS COMPACTLY 

SUPPORTED POTENTIALS 



EVGENY KOROTYAEV 



Abstract. We consider the ID Schrodinger operator Hy ~ —y" + (p + q)y with a periodic 
potential p plus compactly supported potential q on the real line. The spectrum of H consists 
of an absolutely continuous part plus a finite number of simple eigenvalues in each spectral gap 
7n ^ 0, n ^ 0, where 70 is unbounded gap. We prove the following results: 1) we determine 
the distribution of resonances in the disk with large radius, 2) a forbidden domain for the 
resonances is specified, 3) the asymptotics of eigenvalues and antibound states are determined, 
4) if go = /r qdx = 0, then roughly speaking in each nondegenerate gap 7„ for n large enough 
there are two eigenvalues and zero antibound state or zero eigenvalues and two antibound 
states, 5) if H has infinitely many gaps in the continuous spectrum, then for any sequence 
a = (cr)J°,cr„ G {0,2}, there exists a compactly supported potential q such that H has cr„ 
bound states and 2 — cr„ antibound states in each gap 7„ for n large enough. 6) For any q 
(with go = 0), cr = (o'„)f', where (t„ G {0,2} and for any sequence 5 — (5n)i° S ^^,<5n > 
there exists a potential p G L^(0, 1) such that each gap length |7„| — Sn,n ^ 1 and H has 
exactly (t„ eigenvalues and 2 — (t„ antibound states in each gap for n large enough. 



1. Introduction 



Consider the Schrodinger operator H = Hq + q acting in L^(M), where Hq = — ^ + p{x) 
and p G L^(0,1) is the real 1-periodic potential The real compactly supported potential q 
belongs to the class Qt = {g G L^(M) : [0, t] is the convex hull of the support of q} for some 
t > 0. The spectrum of Hq consists of spectral bands (5„ and is given by (see Fig. 1) 

aiHo) = aac{Ho) = U6„, 6„ = [Et„E-],n ^ 1, < .. ^ < E' ^ E+ < ... 

We assume that Eq = 0. The sequence Eq < E^ ^ E^ < . . . is the spectrum of the equation 

~y"+p{x)y = Xy, A G C, (1.1) 

with the 2-periodic boundary conditions, i.e. y{x + 2) = y{x),x G M. The bands (5„, are 
separated by a gap 7„ = {E~, E^) and let 70 = {—00, E^). If a gap degenerates, that is 7„ = 0, 
then the corresponding bands (5„ and ©„+i merge. If E~ = E^ for some n, then this number 
E^ is the double eigenvalue of equation (11. ip with the 2-periodic boundary conditions. The 
lowest eigenvalue Eq = is always simple and the corresponding eigenfunction is 1-periodic. 
The eigenfunctions, corresponding to the eigenvalue are 1-periodic, and for the case -E^+i 
they are anti-periodic, i.e., y{x -t- 1) = —y{x), x G M. 

It is well known, that the spectrum of H consists of an absolutely continuous part aac{H) = 
aac{Ho) plus a finite number of simple eigenvalues in each gap 7„ 7^ 0, ^ 0, see |Rbj . [Flj . 
Moreover, in every open gap 7^ for n large enough the operator H has at most two bound 
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Figure 1. The cut domain C \ U&n and the cuts (bands) 6„ = ^ 1 

states [RbJ and precisely one bound state in the case go = J^Q{^)dx ^ [Zhj . |F2j . Note that 
the potential q in |Rbj . |Zh] belongs to the more general class, see also |GSj . |Soj . 

Let i{){x,z),-Q{x^z) be the solutions of the equation —y" + = z^y satisfying y9'(0,2;) = 
di^^z) = 1 and (p{0,z) = 'd'{0,z) = 0, where u' = d^u. The Lyapunov function is defined 
by A(z) = + d{l,z)). The function A^(V^) is entire, where is defined by 

= 1. Introduce the function Vt[X) = (1 — A^(-\/A))5,A G C+ and we fix the branch 
= (1 - A2(yA))i by the condition fi(A + iO) > for A G 6i = [Eo+, ]. Introduce the 
two-sheeted Riemann surface A of Vl{X) = (1 — A^(V^))2 obtained by joining the upper and 
lower rims of two copies of the cut plane C \ aadHo) in the usual (crosswise) way. The n-th 
gap on the first physical sheet Ai we will denote by "yii^ and the same gap but on the second 
nonphysical sheet A2 we will denote by "jn^ and let 'fn^ be the union of 7^^'' and i.e., 

^(0) ^ Wl) y ^(2) 

In In In' 

Introduce the function D{X) = det(/ + q{HQ — A)~^), which is meromorphic in A, see [Flj . 
Recall that 1/D is the transmission coefficient in the S-matrix for the operators H,Ho, see 
Sect. 2. If D has some poles, then they coincide with some E^. It is well known that if 
D{X) = for some zero A G Ai, then A is an eigenvalue of H and A G U'~fn \ Note that there 
are no eigenvalues on the spectrum aac{Ho) C Ai, since |-D(A)| ^ 1 on aac{Ho) C Ai (see 
(ICTll and all these facts in [Fl]). 

Define the functions A, J by 

J(A) = 2r](A + iO)ImD(A + iO), A(A) = Re D(A + iO) - 1, for \ e a{Ho) C Ai. (1.2) 

In Lemma 13.21 we will show that A, J are entire functions on C and they are real on the real 
line. Instead of the function D we will study the modified function S = 2iQD on A. We 
will show that S satisfies 

E = 2inD = 2iQ{l + A) - J on A, (1.3) 

see Theorem 11.11 Recall that Q is analytic in A and Q{X) = for some A G A iff A = E~ 
or A = E:^ for some n ^ 0. Then the function S is analytic on A and has branch points 
^tiln 7^ 0- The zeros of S define the eigenvalues and resonances, similar to the case p = 0. 
Define the set Aq = {A G A : A = G Ai and A = G A2, 7„ = 0, n ^ 1} C A. In fact 
with each 7„ = we associate two points E^ G Ai and E^ G A2 from the set Aq. If each gap 
of Hq is empty, then Aq is a union of two sets {(vm)^, n G N} C Ai and {(vm)^, n G N} C A2. 
If each gap of Hq is not empty, then Aq = 0. 
Definition of states. Each zero ofE in A\Ao is a state of H . 
1) A state X & A2 is a resonance. 
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2) A state A = ^ is a virtual state. 

3) A resonance A G U7i') C A2 is an anti-hound state. 

It is known that the gaps 7„ = do not give contribution to the states. Recall that S- 
matrix for H,Hq is meromorphic on A, but it is analytic at the points from Aq (see |Flj ). 
Roughly speaking there is no difference between the points from Aq and other points inside 
the spectrum of Hq. 

The gap 7^^-* C Ai is so-called physical gap and the gap ^fn^ C A2 is so-called non-physical 
gap. If go = J^Q{^)d^ O5 then H has precisely one bound state on each physical gap 7^ 
and odd number ^ 1 of resonances on each non-physical gap 7^ for n large enough jFl] . 

We explain roughly why antibound states are important. Consider the operator H^- = 
Hq + rq, where r G M is the coupling constant. If r = 0, then H = Hq and there are 
no eigenvalues, complex resonances and H has only virtual states, which coincide with each 
-^n ; 5 7n 7^ 0, since S = 2ifl on A at g = and Q{E^) =0. If r is increasing, then there 
are eigenvalues, antibound states (close to the end of gaps) and complex resonances. If r is 
increasing again, then there are no new eigenvalues but some complex resonances {( G C+ C A2 
and ( G C_ C A2) reach some non physical gap and transform into new antibound states. If r 
is increasing again, then some new antibound states will be virtual states, and then later they 
will be bound states. Thus if r runs through M_|_, then there is a following transformation: 
resonances — >■ antibound states virtual states — bound states virtual states... 

For each n ^ 1 there exists an unique point En G [E~ , E^] such 

(-1)"A(/E„) = max | A(VA) | = cosh for some /i„ ^ 0. (1.4) 

z&[E-,E+] 

Note that if 7„ = 0, then En = En and if 7„ 7^ 0, then En G jn- 

Theorem 1.1. Let potentials {p,q) G L'^{0, 1) x Qt,t > 0. Then S satisfies 1^1. 3\) and 

i) There exist even number ^ of states (counted with multiplicity) on each set 7!°^ 7^ 0, n ^ 1, 

where 'jn^ is a union of the physical j^'^ C Ai and non-physical gap 7^^-' C A2 (here 7n 7^ 0y'- 

a) Let \\q\\t = J^q{x)\dx. There are no states in the "forbidden" domain \ □7^^-' C A2, 

where 

= {A G A2 : |A|^ > max{180e*ll%CFe'*l^°^^l}}, Cp = 12||g||tellP"i+ll'?ll*+*ll*. (1.5) 

Hi) In each 7!°^ 7^ 0,n ^ 1 + ^-^Cp there exists exactly two simple real states A^ G such 
thatE- <:X~<En<X+^El 

iv) Let X G "jn^ be an eigenvalue of H for some n ^ 0, i.e., H(A) = and let A^^) g 7^^^ C A2 
be the same number but on the second sheet A2. Then A*-^-* is not an anti-bound state, i.e., 
S(A(2)) ^ 0. 

Remark. 1) The forbidden domain S^p fl C_ is similar to the case p = 0, see |K2] . 
2) In Theorem 11.21 we show that A^ En as n — 00. 

Let yU^, n ^ 1 be the Dirichlet spectrum of the equation —y"+py = jj^y on the interval [0, 1] 
with the boundary condition ?/(0) = y{l) = 0. It is well known that each /i^ G [E' , En],n ^ 1. 
Define the coefficients go = j^(l{^)dx and 

qn = qcn + iqsni qcn = / q{x) cos2nnxdx, qsn = / g(a;) sin27rna;(ia;, n ^ 1. (1.6) 

Jr Jr 
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In order to formulate Theorem ll.2l we define the functions \I/cn, ^sn, Cn = cos 0„, s„ = sin 0„, n ^ 
1 (depending from p G i^^(0, 1)) by 

^en = ^" ^ ^" - = "^'^ri, = "^S^, sigU S„ = sigU | V?' (1, | . (1.7) 

The identity ^" ~ — defines c„ = cos0„ G [—1,1] and the identity signs„ = 

sign |y9'(l, defines s„ = sin0„ and the angle 0„ G [0,27r). Recall the results from [K5] : 

r/ie mapping \E' : 7i — * £^©£^ g'zwen by = ((\l/cn)i°' (^sn)i°) ^■^ ^ '^^^^ analytic isomorphism 
between real Hilbert spaces n = {pe L2(0, 1) : j^p{x)dx = 0} and £^®i^. 

Let ^{H,r, X) be the total number of state of H in the set X C A having modulus ^ r^, 
each state being counted according to its multiplicity. 

Theorem 1.2. Let {p,q) G L'^{0, 1) x Qt and let go = j^<l{.x)dx. Then 

i) Let 7„ 7^ for some n large enough. Then H has exactly two simple states A~, G 7!°^ 
Moreover, if X is one of X~,X^ and satisfies (— 1)"+"'^ J(A) > (or (— 1)"+-'^ J(A) < or 
J(A) =0), then X is a bound state (or an anti-bound state or a virtual state), 
a) The following asymptotics hold true: 

2|7„| 



(Aim) 

(-1)"+V(A^) = -jP^iTqo - Cnqcn + Snqsn + 0{l/n)), 



(2™) 



^/ Q'o > ^ A„ G Ai is bound state, A^ G A2 is anti bound state, 
if qo < ^ A^ G A2 is anti bound state, X^ G Ai is bound state. (1.8) 

Hi) Let qn = qcn + iqsn = \qn\G^'^",n ^ 1 and go = 0. Assume that \ cos(0„ + r„)| > e > 
and |g„| > ?t,~" for n large enough and for some e, a G (0,1). Then the operator H has 

(T„ = 1 — sign cos(0„ + Tn) bouud states in the physical gap '-jn'^ 7^ and 2 — a^, resonances 

inside the nonphysical gap 7n 7^ for n large enough. 

iv) For some integer Ns G Z the following asymptotics hold true: 

#(i7,r,A2\U7i2)) =r^^^^^ as r ^ 00, (1.9) 

TT 

#(i/,r,ur„) =#(i7o,r-,Ur„)+2iVs as r 00, ^ U7„. (1-10) 

Remark. 1) First term in the asymptotics (11. 9p does not depend on the periodic potential p. 
Recall that asymptotics (11.91) for the case p = was obtained by Zworski [Z]. 

2) The main difference between the distribution of the resonances for the case p 7^ const and 
p = const is the bound states and anti bound states in high energy gaps, see (iii) and (11. 8p . 

3) Assume that a potential u G L^(M) is compactly supported, suppw C (0,t) and satisfies 
\un\ = o(n~") as n — i> 00. Then in the case (iii) the operator H+u has also 1 — signcos(0„ + r„) 
bound states in each gap 7^ for n large enough. 

4) In the proof of (11.91) we use the Paley Wiener type Theorem from [FY| , the Levinson Theorem 
(see Sect. 3) and a priori estimates from [KKj . [M] . 
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5) Assume that /x^ = or /i^ = with |7„| > for all n E Nq, where No C N is some 
infinite subset. Then for all large n G No the following asymptotics hold true: 



There is no g^^ in asymptotics (11.111) . Let in addition qo = and \qcn\ > n~" for all n G Nq 
and some a G (0, 1). Then H has exactly an = I — sign c„ gen eigenvalues in each gap 'jn^ and 
2 — cr„ resonances inside each gap ^fn^ 7^ for n G Nq large enough. 



6) Recall that if p is even i.e., p G Ll^^ni^^ 1) = {p ^ -^^(0, ^),p{x) = p{l - x),x e (0, 1)}, iff 
s„ = ( or e {E-, E+}, or c„ G {±1}) for all n ^ 1, see [GT], [KKT]. 



Consider some inverse problems for the operator H. 

Theorem 1.3. i) Let the operator Hq have infinitely many gaps 7n 7^ for some p G ^^^(0, 1). 
Then for any sequence a = where an G {0, 2}, there exists some potential q G Q*, t > 

such that H has exactly an eigenvalues in each gap "jn^ 7^ and 2 — an resonances inside each 

("21 

gap 7n 7^ for n large enough. 

a) Let q E Qt,t > satisfy go = and let |gc„| > for all n large enough and some 
a G (0,1). Let a = (cr„)f , where an G {0,2} and infinitely many 5„ > 0. Then for any 
sequence S = (^n)i° ^ -^^ where each 5„ ^ 0,n ^ 1 there exists a potential p G L'^{0, 1) such 
that each gap length |7„| = 5„,n ^ 1. Moreover, H has exactly an eigenvalues in each physical 
gap '-^n'* 7^ and 2 — an resonances inside each non-physical gap "fn^ 7^ for n large enough. 

Remark . 1) In the proof we use results from the inverse spectral theory from |K5j . 
2) We have a G (|, 1), if all gaps are open. 

A lot of papers are devoted to the resonances for the Schrodinger operator with p = 0, see 
[Ej, [H], [Klj . |K2] . [S], [Z] and references therein. Although resonances have been studied 
in many settings, but there are relatively few cases where the asymptotics of the resonance 
counting function are known, mainly one dimensional case ^Klj . [K2j . and We 
recall that Zworski [Z] obtained the first results about the distribution of resonances for 
the Schrodinger operator with compactly supported potentials on the real line. The author 
obtained the characterization (plus uniqueness and recovering) of S'-matrix for the Schrodinger 
operator with a compactly supported potential on the real line [K2 j and the half- line [Klj , see 
also ^ZiJ, (BKWj about uniqueness. 

For the Schrodinger operator on the half line the author }K3j obtained the stability results: 

(i) If = (x°)^ is a sequence of zeros (eigenvalues and resonances) of the Jost function 
for some real compactly supported potential go and x — x° G £^ for some e > 1, then x is the 
sequence of zeroes of the Jost function for some unique real compactly supported potential. 

(ii) The measure associated with the zeros of the Jost function is the Carleson measure, the 
sum X](l + l^nl)~"' « > 1 is estimated in terms of the L^-norm of the potential g°. 

Brown and Weikard |BWj considered the Schrodinger operator —y" + [p^ + q)y on the half- 
line, where pa is an algebro-geometric potentials and g is a compactly supported potential. 
They proved that the zeros of the Jost function determine g uniquely. 

Christiansen [Chj considered resonances associated to the Schrodinger operator —y" + {ps + 
q)y on the real line, where ps is a step potential. She determined asymptotics of the resonance- 
counting function. Moreover, she obtained that the resonances determine g uniquely. 
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Figure 2. The cut domain Z = C \ and the shts = (e„ , e„ ) in the z-plane. 

In the proof of theorems we use properties of the quasimomentum from [KKj, [M], a priori 
estimates from [KKj . jM] . and results from the inverse theory for the Hill operator from |K5j . 
see g2D. 

The plan of the paper is as follows. In Section 2 we describe the preliminary results about 
fundamental solutions. In Sections 3 we study the function ^ and prove Theorem 11.11 In 
Sections 4 we prove the main Theorem II. 2111. 3[ which are crucial for Section 3 and 4. 

2. Preliminaries 

We will work with the momentum z = ^/X, where A is an energy and recall that \/l = 1. 
If A G 7„,n ^ 1, then z G g±n and if A G 70 = (— oo,0), then z G = iM.^, where the 
momentum gaps are given by 

g^ = {e-,et) = -g^n, = /E± > 0, n ^ 1, and A(e^) = (-1)". (2.1) 
Introduce the cut domain (see Fig. 2) 

Zo = C\Ug^. 

Below we will use the momentum variable z = a/A and the corresponding the Riemann 
surface Ad, which is more convenient for us, than the Riemann surface A. Slitting the n-th 
momentum gap gn (suppose it is nontrivial) we obtain a cut G„ with an upper g^ and lower 
rim g~. Below we will identify this cut Gn and the union of of the upper rim (gap) and 
the lower rim (gap) i.e., 

Gn = gn^gn^ whevc g^ = gn ± iO- (2.2) 

Also we will write z ± iO E gn , if z & gn- 

In order to construct the Riemann surface Ai we take the cut domain Zq = C \ and 
identify (i.e. we glue) the upper rim (7+ of the slit Gn with the upper rim g^j^ of the slit G-n 
and correspondingly the lower rim g~ of the slit Gn with the lower rim gZn of the slit G-n for 
all nontrivial gaps. 

The mapping z = \/X from A onto Ai is one-to-one and onto. The gap 7™^^ C Ai maps 
onto g^ C Ail and the gap 7!^'' C A2 maps onto g~ C Ai2- From a physical point of view, 
the upper rim g^ is a physical gap and the lower rim g~ is a non physical gap. Moreover, 
nC+ = ZonC+ plus all physical gaps g:^ is a so-called physical "sheet" Aii and AinC- = 
Zq n C_ plus all non physical gaps g~ is a so-called non physical "sheet" A42- The set (the 
spectrum) M \ U(?„ joints the first and second sheets. 
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Figure 3. The domain /C = C \ ur„, where the sht r„ = (vm — ih^, vm + ihn) 

We introduce the quasimomentum /c(-) for Hq by k{z) = arccos A(2;), z E Zq = C \ Ug^- 
The function k{z) is analytic in z E Zo and satisfies: 

(i) k{z) = z + 0{l/z) as ^ oo, and {ii) Re fc(z±iO)|[g-^g+] = vm, n G Z, (2.3) 

and ±ImA;(2;) > for any z G C-t, see [M], |KKj . The function k{-) is analytic on M. and 
satisfies sin k{z) = Q{z'^),z G TW. Moreover, the quasimomentum k{-) is a conformal mapping 
from .Zq onto the quasimomentum domain /C = C\ur„, where the slit = {im—ihn, nn+ihn)- 
The height hn is defined by the equation cosh/i„ = (— l)"A(e„), where e„ G [e~,e^] and 
A'(e„) = 0. The Floquet solutions ip±(x, z),z E Zq of Hq is given by 

iJi{x,z) = d{x,z)+m^{z)^{x,z), m± = ^ = ^ ^ ' \ ^ ' % (2.4) 

where ^^(l, z)-?/^ "''(■, z) G L^(M+) for all z G If p = 0, then k = z and ^/'±(x, z) = e^*^"^. 

The function sinfc and each function (p{l, ■)tlj±{x, ■),x G M are analytic on the Riemann 
surface Ai. Recall that the Floquet solutions 4'±{x, z),{x, z) eM. x Ai satisfy (see jT] ) 

^±(0,z) = l, MO,zy = m^{z), V^±(l,z) = e±^'=(^), ^±(l,z)' = e±*'=(^)m±(z), (2.5) 

V'±(x,2) =e^^'=(^^^' (1 + 0(1 /^)) as 1^1 ^oo, {x,z)eRxZ,, (2.6) 

where the set Z^ = {z E Zq : dist{z, gn} > e, gn 7^ E Z}, e > 0. Below we need the 
simple identities 

P^ + 1-A' = l- ^'(1, ^^(l, ■) = -^(1, ^^'(l, ■)• (2.7) 

Let Vrizo) = {l^; — 2;o| < r} be a disk for some r > 0. Recall the well known properties of the 
function m± (see |T]). 

Lemma 2.1. i) Imm+(z) > for all {z,n) E (-Zn-ii-^n) ^ ^ '^'^^ ^^e following asymptotics 
hold true: 

m±{z) = ±iz + 0{1) as \z\ ^ 00, zEZs,e>0. (2.8) 

ii) Let gn = ^ for some G Z. Then the functions sink{-),m± are analytic in the disk 
B{fin,£) C Zq for some e > and the functions sinfc(2;) and (p{l,z) have the simple zero at 
fin- Moreover, m± satisfies 

P\fin)±l{-irk\fin) , ( fn 

m±{iin) = ^ — 7z 7 , lmm±{fXn) t 0. (2.9) 
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Hi) If the function m+ has a pole at fin + ^0 for some n E N, then k{fin + ^0) = nn + ihgn and 

hsn>0, P{fin) = ismk{fin + iO) = -{-'^Tsinhhsn, m+ G - iO), 

/ , N Pn + 0{z) -2sinh\hsn\ ^„ 
m+{fin + z) = asz^O,zeC+, Pn = r < 0. 2.10 

Z (-l)"y^V5(l,/in) 

iv) If the function m+ has a pole at fin — iO for some n G N, then k{pn — iO) = vrn + ihsn and 
hsn < 0, /3(/in) = -i sin k^pn - «0) = (-1)" sinh hsn, m+ e 

m+{fin + z) = ^"+^'^(^) asz^O,zeC-. (2.11) 



iv) /i„ = e„ or = e+ (^/iere e„ 7^ /or some n ^ Q iff 

m+(yU„ + 2;) = — — p as z — ^ 0, z G C+, some const 7^ 0. (2-12) 



'z 

The following asymptotics hold true as n cxo (see |PT] . |K5] ) : 

= Tin + EniPcQ- Pcn + 0{en)), £n = l/27rn, (2.13) 

= vm + e„(po ± bnl + 0(£„)), = / p(a;)e-'2''"^dz = p^n - iPsn- (2.14) 

The equation — /" + {p + q)f = z^f, z ^ has unique solutions /±(x, z) such that 

/+(x, 2;) = '?/'+(x, z), X ^ t, and /_(x, 2;) = '?/'_(x, z), x ^ 0, (2.15) 
and /+(x, z) = /_,_(x, —z), z^ G o-{Hq) \ {e^, n G Z}. This yields 

w s 

f+{x,z) =b{z)f_{x,z) + a{z)f^{x,-z), a = — , b= — , (2.16) 

Wo Wo 

where z"^ G (T(ifo) \ {e^, n G Z} and 

w = {/-,/+}, s = {f+{x,z),f^{x,-z)}, Wo = {i/j-,ip+} = (2.17) 
and {/,(?} = fg' — f'g is the Wronskian. The scattering matrix Sm for H, Hq is given by 

5"W-frt)' :rir')- --^-^^T^. (2.18) 

yr+(^zj a(^zj y w[z) a[z) 

where 1/a is the transmission coefficient and r± is the reflection coefficient. We have the 
following identities from jFlj . |F3j : 

\a{z)\^ = I + \h{z)\\ z'ea^H), (2.19) 

a{z) = D{z^), z G Zo. (2.20) 

The functions a, b, s, w are analytic in Zo and real on iM. Then the following identities hold 
true: 

a{—z)=a{z), w{—z)=w{z), s{—z) = s{z), Wo{—z)=Wo{z), z E Zo- (2-21) 
Let ip{x, z, r), (z, r) G C x R be the solutions of the equation 

-if" +p{x + T)ip = z^ip, ifi{0,z,T)=0, ip\0,z,T) = 1. (2.22) 
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The function {p{l, z, x) for all {x, z) E R x C satisfies the following identity (see fTt\ ) 

^{1, ■) = ^{1, ■)^' - #(1, ■)^' + 2(3^^ = ^(1, (2.23) 

Let ^, if be the solutions of the equations —y" + {p + q)y = z'^y, z E C and satisfying 

i^{x, z) = ip{x, z), {}{x, z) = -d^x, z) for allx^t. (2.24) 

A solution of the equation —y" + ij) — z^)y = f, y{0) = y'{0) = has the form y = ip{x — 

T, z,T)f{T)dT. Hence the solutions {},ip and /+ of the equation —y" + (p + q)y = z'^y satisfy 
the equation 

y{x,z) = yo{x,z) - ip{x - t, z,T)q{T)y{T, z)dT, x^t, (2.25) 



where y is one from 'd, if and /+; yo is the corresponding function from ip and For each 
X G M the functions ^{x, z), ip{x, z) and 'i9(x, z), ip{x^ z) are entire in 2; G C and satisfy 

max{||;2|i^(a;,z)|, {x, z)l\§{x, z)l -^\d' {x, z)\] ^ Xi = eli--ll2t-l+lkll'+llplk+/i bMM-, 

\z\, = max{l, \d{x, z) - ^{x, z)\ ^ ^\\q\\u \^{x, z) - <^(x, z)\ ^ ^\\q\\u (2.26) 

\z\ \zY 

where = \p{^s)\ds and 

max{|;z|i|(/?(x,2)|, \^\x,z)\, \d[x,z)\,^\'d' [x,z)W ^X = eli'^-MplU, 

l^li 

k(a;,^)-^^| ^ ^IblU, |^?(a;,2;) -coszxl ^ ^IHU, (2.27) 

z \zY \z\ 

for (p, x,2;) E L;^q^(M) x M x C, see [PT]. These estimates yield 

^, , /•^sinz(2a;-l) , ,^ 0(eli™^l) 

/3(z) = / ^ '-v{x)dx + , \ 

Jo z z^ 

P\z) = C ^"^^(^^ ~ ^\ {x){2x - l)dx + ^(^'1^'') as \z\^oo. (2.28) 
Jo z z 

Lemma 2.2. For all z E Zq the following identities and asymptotics hold true: 

f+{;z)=^-,z) + m+{zm-,z), (2.29) 

/+(0,z)=l+/ ^{x,z)q{x)f+{x,z)dx, f'^{0, z)=m+{z) - i3{x, z)q{x)f+{x, z)dx, (2.30) 
Jo Jo 

/4x,.) = e^^(^)^ + e(^*-^)^0(l/^), a= 'I"^"'-^"^^ , a:G[0,t], (2.31) 

/+(0, ;.) = 1 + e2«0(l/^), /;(0, ^) = + 0(1) + 6^^0(1) (2.32) 
as \z\ ^ 00, z E Zg, £ > 0, where q{z) = q{x)e^'^'''^dx, z E C 
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Proof. Using (I221D, fl^TT^ we obtain (^TM . Using the identity Lp{x, -, s) = i3{t, ■)lp{x + s, ■) - 
(p{s, , ■)'d{x + s, ■), we obtain ip{—s, ■, s) = —'^{s, ■) and (/?'(— s, ■, s) = ■(9(s, ■). Substituting the 
last identities into (12:251) we get (ESDI). 

Standard iteration arguments (see |PTj ) for the equation f l2.25p give f l2.3ip . 

Substituting (lOTjl into flOBll we obtain (12:321) . ■ 

Lemma 2.3. i) For each z & Zq the following identities hold true: 

w{z) = f+{0,z) - m^{z)U{0,z) =Wo{z) - / q{x)i:-{x, z)f+{x, z)dx, (2.33) 

Jo 

= U{0,z)m+{z) - f[{0,z) = q{x)ij+{x,z)U{x,z)dx. (2.34) 

^0 

The functions ^{z) = 2i sin k{z)a{z) and s(-) have the following asymptotics: 

^{z) = 2?sinz(l + 0(e2*V^)), s{z) = 0{e^'^), (2.35) 
as \z\ oo, z E £ > 0. 

a) The function s(-) has exponential type p± in the half plane C±, where p_|_ = 0,p_ = 2t. 

Proof. We have w = {/",/"*"} = ip~ f~^' — m~ f'^\x=o, which yields the identity in ( I2.33p . 
Substituting (l230D into (E^ we obtain (ICTD . Asymptotics from Lemma O and (ES]) 
imply (EJSD. 

ii) We show p_ = 2t. Due to (12.351) . s has exponential type p_ ^ 2t. The decompositions 

f_^ = e"^(l + h) and ?/^+ = e"^(l + r/) give (1 + /i)(l + r/) = 1 + T, T = /i + r/ + r//i and 

s{z)= [ q{x)ilj+{x,z)f+{x,z)dx = [ q{x)e'^'''{l + T{x, z))dx, z e Z^. (2.36) 

Jo Jo 

Asymptotics ^Bl, dMB. flOT]) and A;(2) = z + 0{l/z) as |^| ^ oo (see [KK]) yield 

r7(x,;z) =0(l/;z), h{x, z) = e^^'-^^^^'^'^0{l/ z) as 1^1 ^ oo, z e Z,. (2.37) 

We need the following variant of the Paley Wiener type Theorem from : 

let q & Qt and let each G{x,z),x G [0,t] be analytic for z G C_ and G G L'^{{0,t)dx,M.dz) . 

Then e^*^^g(x)(l + G{x,z))dx has exponential type at least 2t in C_. 

We can not apply this result to the function T{x,z),z G C_, since m+(z) may have a 
singularity at p„ — zO G g~ if gn 7^ 0- But we can use this result for the function T{x, z — i),z G 
C_, since ( 12.361) . (12.371) imply sup^.^^ ^ \T{x, — i+r)| = 0(l/r) as r — ^ ±00. Then the function 
s{z) has exponential type 2t in the half plane C_. The proof for p+ = is similar. ■ 

3. Analyze of the function ^ 
Below we need the identities and the asymptotics as n ^ 00 from [KKj : 

{-1)'^+H sin k{z) = smhv{z) = ±\A\z) > all z e g^, (3.1) 

v{z) = ±\{z~ e-){et - z)\-2{l + 0{n-')), sinht;(2;) = v{z){l + 0{\gn\'), z G tr- (3-2) 

Let z/^, n ^ 1 be the Neumann spectrum of the equation —y" + py = v'^y on the interval [0, 1] 
with the boundary condition ?/(0) = y{l) = 0. It is well known that each z/^ G [E~ , -E^], n ^ 1. 
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Lemma 3.1. Let p G L^(0, 1). 

i) Then the following asymptotics hold true uniformly for z & [e~, e^] as n oo; 

cfil, z) = + Oil/n)), (3.3) 

- lilA = + o{l/n)). (3.4) 

Tin 

a) Let z E Qn and e~ ^ Rp = Sel'^'l^. Then the following estimates hold true (here ii = d^u) 

\gn? ^ < 1, (3.5) 

I ^IT- I 

3elblli 3el'p|'i 

10(1,^)1 ^ ^ '^"'t^' ^2-6) 

^ kl^, ^ \9n\\z\^. (3.7) 

Opllplli 

1/9(^)1^^, l/5(e^)l ^ kl^, |/?(^)l^kl^. (3.8) 

Hi) In each disk T>iL{nn) d V = {\z\ > 326^11^11^} there exists exactly one momentum gap Qn 
of the operator Hq. Moreover, if gn,gn+i C V, then e~^i — ^ vr. 

Proof, i) We have the Taylor series ^^(l, z) = 0(1, /i„)r + (/3(1, /i„ + ar) ^ for any z E [e^, e^] 
and some a G [0,1], where t = z — fin and = S^*/?. Asymptotics fl2.27p give 0(1, /i„) = 
2(— l)"(H-0(l/'n,))/ (2™) and 0(1, /i„+a;r)r = 0(n~^), which yields (13.31) . Similar arguments 
imply CT . 

ii) Using |A(2;) — cos2;| ^ for all ^ 2, we obtain 

^ ^ cosh/i„ - 1 = |A(^„)| - 1 ^ 

^ |^n| 

Then the estimate \gn\ ^ 2/i„ (see |KK] ) gives (13. 5p . 

Due to flZTTI) . the function / = 297(1,2) has the estimate |/(2)| ^ Cq = ellPlli,2 G M. 
Then the Bernstein inequality gives \ f{z)\ = \(p{l,z) + zip{l,z)\ ^ Cq, z G R, which yields 
10(1,2)1 ^ gi(l + ^),2 G M. Moreover, we obtain 1^5(1, 2)! ^ \gn\max,^g^ 10(1,-2)1 ^ l^nlf^- 

The proof of (13.71) and the estimate \${z) \ ^ ^^j^ is similar. Identity (12.71) gives 

P\et) = -^{l,etW{l,et). Then (ED, (JSTI) imply |/3(e±)| ^ |^„|^. Using these 
estimates and P{z) = P{e~) + P'{z^){z — e~) for some 2* G we obtain (13.81) . 

iii) Using (12.271) we obtain 

|(A2(z) - 1) - (cos2 2- 1)1 < 2X|A(2) -cos2| < 2Xy\z\, X = el^'^l+HPl'^ 

After this the standard arguments (due to Rouche's theorem) give the proof of iii). ■ 

The function a is not convenient, since a is not analytic on Ai. The modified function ^ in 
the momentum variable 2 is given by 

^(2) = 2i sin k{z)a{z) = E{z^), z G Zq. (3.9) 

The number = \/E^ G [e~,e^] satisfies |A(e„)| = max^g^^ |A(2)| = cosh/i^ ^ 1 for some 
hr, ^ 0. 



12 



EVGENY KOROTYAEV 



Lemma 3.2. i) The following identity and asymptotics hold true: 

^{z) =2i sin k{z){l - A{z^)) ~ J{z^), z e M, J{z^) = [ q{x)Yi{x, z)dx 

Jr 

A{z^) = [ q{x)Y2ix,z)dx, Yi = - + I3{^d + ^^), ^2 = ^^-^?^), 

i{z)=2{-lY+\l + A{z^))siYi\iv{z)-J{z^), zeg^^^, (3.10) 
where v = Imk and ±v{z) > for z E , 

Yi = (p{l, z,x) + Yn{z,x), Yn = (fiM^ - ^[(fip^ + P{(pd^ + i)(p^), = ^ - if^ = ip - ip, 

Yn{z,x) = Odgnl/n^) as zegn,n-^oo. (3.11) 

Moreover, the functions J, A are entire and ^ is analytic on Ai . 
a) Let \z\ ^ 2. Then the following estimates hold true 

\Jiz')\ < C,Jql(^\v{l,z)\ + + ^^e^^l^-^l ^ ^e(2m)|im.| 

\A(z^)\<:M!£lhle^'\'^'\, where = Mle^^^^^-^+Mt+^MU ^ r e'MU+hWt ^ (3.12) 

\Jiel)\^^smhhn, if e-^Rp = %(^\P\^\ i?i = llC,, (3.13) 
I I 

Proof, i) We rewrite the identity f l2.34p in the form 

^{z) = 2ism.k{z) — I q{x)Y{x, z)dx, Y = ipiip_{x^ z)f+{x, z), (3-14) 
Jr 

for z G C+. Using f l3.14p . (12.291) we rewrite Y in the form 

~ _ / ~ _ ~ ^\ 
Y = Lfiii!} + m-'p)i'd + m^Lf) = Lpi{ 'd'd + m^'dip + m^Lfd ifip ] = Yi — i2Y2 sin k. 

V J 

Substituting the last identity into J^q{x)Y{x, z)dx and using (13.11) . we obtain (13.101) . 

Substituting asymptotics from (12.261) . Lemma IXTl into Yu we obtain Yii{z,x) = 0{\gn\/n^) 
as 2; G n — > 00. 

ii) Using (IT^ . and (IXTUD and Lemma EH we obtain flXT^ . Estimates (IXT^ and 

Lemma [XT] give |J(e^)| ^ iyrjlfi'nh and the estimate \gn\ ^ 2\hn\ ^ 2smh.hn from [KK] yields 

(EH- ■ 

This lemma gives that the function ^ is analytic on Ai and the function S is analytic on A. 
We define the bound states, resonances in terms of momentum variable z E A4. Recall that 
there are bound states on the physical gaps and resonances on the non physical gaps. Define 
the set Mo = {z e M : z = e±„ G Mi and z = e±„ G M2, 7„ = 0, n ^ 1} C A^. The set Mo 
is the image of Aq (see before Definition of states, Section 1) under the mapping z = a/A. 
Definition. Each zero of ^{z) = 2i sin k{z)a{z) in M \Mo is a state of H. 

1) A state z G M2 is a resonance. 

2) A state z = e^,n eZ is a virtual state. 

3) A resonance z G Ug~ G M2 is an anti-bound state. 
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Of course, is really the energy, but since the momentum z is the natural parameter, we 
will abuse the terminology. 
The kernel of the resolvent R = {H — z^)^^, z G C+, has the form 

R{x,x,z) = = — — , x<x, Ri = ip{l,z)f-{x,z)f+{x ,z), 

-w{z) -^{z) 

and R{x, x',z) = R{x', x,z), x > x'. Identity fl2.29p yields f± = i^ + rn±ip, {} = {}{x), (p = 
ip{x). Let = 'd{x'), ip^: = ffix'). Then using (12. 7p we obtain 

Ri{x, x', z) = (p{l, + {P — i sin k)(p-d^: + {f3 + i sin k)-&(p^: — ■)(p^(p. 

Thus if ^{z) = ip{l, z)w{z) = at some z G Ai, then {H — z'^)~^ has singularity at z. The 
poles of R{x,x',z) define the bound states and resonances. The zeros of ^ define the bound 
states and resonances, since the function Ri = ipi{z)f~{x, z)f~^{x', z) is locally bounded. 
If g = 0, then Rq = {Hq — z^)~^ has the form 

Ro{x, x', z) = ^^o{x,x z) ^ ^ ^^^^ z)wo{z) = 2i sin k{z), 

Rio = ^iiz)'ilj-{x, z)'ijj+{x', z) = ip{l, + {13 - isin k)Lp'd^ + {(3 + isin k)-dLp^ - Ow*, 

where ip = (p{x, z), .. and (p^ = (p{x', z), .. Thus Ro{x, x', z) has singularity at some 2; G iff 
sinfc(z) = 0, i.e., k{z) = nn and then z = e^. 
Define the functions F, S by 

F = ^zKi-z), S{z) = z)s{z)s{-z), z G Zo. 

Lemma 3.3. i) The functions F{z), S{z), z G Zq have analytic continuations into the whole 
complex plane C and satisfy 

F{z)=A{l-A\z)){l + A{z^)y + j\z^)=A{l-A\z^)) + S{z), z e C. (3.15) 

Moreover, F{z) > and S{z) ^ on each interval {e^_i,e~),n ^ 1 and F has even number 
of zeros on each interval [e~, e+], n ^ 1. The function F has only simple zeros at e^,gn 7^ 0- 
a) If Qn = i^n^^n) = ^ /'^'^ somc u ^ 0, then each f±{x, G M is analytic in some disk 
V{e^,e),e > 0. Moreover, fin = is a double zero of F and is not a state of H. 
Hi) Let z & be a bound state for some n ^ 1, i.e., C,{z + iO) =0. Then z — iQ E is not 
an anti-bound state and C,{z — iO) ^ 0. 

iv) Let z G iM+ be a bound state, i.e., ^{z) = 0. Then —z G iM- is not an anti-bound state 
andi{-z) ^ 0. 

v) z E C_ \iM. is a zero of F iff z E C_ \iW. is a zero of ^ (with the same multiplicity). 

vi) z G iM- is a zero of F iff z E iM- or —z G iM- is a zero of ^. 

vii) Let gn ^ (/),n ^ 1 . The point z E gn is a zero of F iff z -\- iO E g^ or z — iO E g~ is a zero 
of ^ (with the same multiplicity). 

viii) Let e" > max{8eMs IICJ, = \\q\\^eMi+\\i\U+m\t and \gn\ > 0. Then 

/ R^ \ 

F{en) ^ - 1 - sinh^ /i„, < 0, where e„ = ^/E^ > 0, (3.16) 



and En, hn are defined by ( [j.^[ ). Moreover, F has at list two zeros in the segment [e„, e^]. 
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Proof, i) Using fl3.10p we deduce that F = C,{z)^{—z) is entire and satisfies F{z) = (1 — 
A2(z))(2 - A{z'^)y + .P{z^). Using (IZTOj) we obtain that S is entire and satisfies (1^T5|) . 

Recall that F ^ and S ^ inside each {e^_^,e~). Moreover, F > 0, since a 7^ inside 
each {e^_i, e~). Due to F{e^) ^ 0, we get that F has even number of zeros on each interval 
[e~,e^],n ^ 1. We have F = Fq + S, Fq = 4(1 — A^). Consider the case z = e^, the proof 
for z = e~ is similar. Thus if F{z) = 0, then we get S{z) = 0, since A^(e^) = 1. Moreover, 
-^o(^n) = ~2A(e^)A'(e^) > and 5"(e^) ^ 0, which gives that 2; = is a simple zero of F. 

ii) The function m± is analytic in Zq, then each /^(x, ■), x G M is analytic in Zq. Moreover, 
(12. 7p yields P{fin) = /^n) = ^^'(1, fJ-n) = and then J(/i^) = 0. Thus by (I3.15p . the function 
F has a double zero at ju^i at list. 

iii) If z G n ^ 1 is a bound state. Then (I3.10p yields 



= ^{z + iO) = 2(-l)"+i smhv{z + iO)(l + Aiz"^)) - J{z^), 



, , , i-iY+^Jiz^)\ 

2.i„,,„(. + i0) = y^^>0. 

If we assume that 2; — iO is a anti-bound state, then 2 sinhf (z — iO) = {i+a{z^)) ^ ^' which 
gives contradiction. The proof of iv) is similar. 

v) The function ^ has not zeros in C+ \ iR, see |F1] . This yields v). 

vi) The property F{z) = F{—z), 2; G C gives vi). 

vii) The statement vii) follows from iii). 

viii) Estimate (l3A2ll gives \A{el)\ ^ | and (13131) imply (l316l) . The function F(e^) ^ 
and due to (13.160 . we deduce that F has at list two zeros in the segment [e~, e^]. ■ 

Proof of Theorem 11.11 Identity (11.31) have been proved in Lemma F3. 3 1 
i) The function ^ is analytic in Zq and is real on iM.. Then the set of zeros of ^ is symmetric 
with respect to the imaginary line and satisfies (II. 3p . 
The statement ii) has been proved in Lemma [3.31 
iii) Using Lemma [3j, fl2:26|) and (12:271) we obtain 

l^(^')I^M^2, \Jiz^)\^^4^X2X |A(z)-cosz|^^, \z\^2, 

where X2 = eli'^^|2*+ll«ll'+2||plk, x = gl Substituting these estimates into the identity 

F - 4 sin^ z = 4(cos2 z - A^) + + 4(1 - A^)A{A + 2) 

we obtain 

\F{z) - Asm z\ ^9X Co, Co = y-r -\ r-r^ \ --^I2H n2~ ) ' \^\ ^ ^- 

Using e'^™^' ^ 4| sinz| for all \z — Txn\ ^ j,n E "L, (see p. 27 [PT]), we obtain 

= 9e'|i-^l+2||plli ^ |4sin2z|r^ |^ _ ^ ^ ^ _ QglWli^ 



which yields 

|F(z) -4sin2z| ^ 4|sin2 2|^^ < 4|sin2z|, all \z\ ^ 2, z ^ UV^nn, -j, 
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Since 

rlCo ^ rl rlhrtXl rl\\q\\lX, ( ^ 111 1 19 

1^1 " \z\ I^P ^ |2|2 5 4^2^(24)2^20' 

where we have used: 



zeVp = {z^C:\z\> max{180e«\C^e2*|i-^l}} ^ Vl < 1 

\Z\ D \Z\ Zi 



and recall that 



^i. = {A G As : |A|^ > max{180e*lli,Cj.e2*|i°>^l}}, = 12||g||tellPll^+ll'''l*+2||pllt. 

Thus by Rouche's theorem, F has as many roots, counted with multiplicities, as sin^ z in each 
disk V^{7in) C Vp. Since sinz has only the roots vrn, ^ 1, then F has two zeros in each 
disk V^^nn) C Vp and F has not zeros in Dp \ UV^L^Tcn). 

F(e^) ^ for all n and Lemma 13731 yields F{en) < for all n, where e~ > max{8ellP'l^, IIC*}, 
see f l3.16p . Then there exists exactly two simple real zeros = a/A^ > of F such that 
^ < < ^ 6^. Morcovcr, F has not no states in the "logarithmic" domain 
VpHC-. 

The statements iv) and v) have been proved in Lemma 13.31 ■ 

4. Proof of Theorem 1.2-1.4 

Proof of Theorem II. 2[ i) Theorem 11.11 gives = =F 5^ = a/A^- Let x = x^, 5 = 5^. 
Then the equation = ^(x) = (-l)"+i2(l + v4(x2)) sinhi;(x) - J(x2), x G 7^ and flX^ 
imply 

sinh \v{h)\ = 0(J(x2)) = sOMl, x)| + ^^^f^ + ^^^) = £0(|^?„|), e 



|x|2 X 27m 

as n ^ 00. Moreover, using the estimate \{z — e~){z — e^)|5 ^ \v{z)\ for each z G gn (see 
[KK]) we obtain |5(|^„| - 6)\^ ^ |t;(x)| = eO{\gn\), which yields 5 = e^O{\gn\). Thus the 
points x^ are close to and satisfy: 

= < - e~ = e^O{\gn\), and 5+ = e+ - x+ = e20(|^„|). (4.1) 

Recall that x~ and x+ are simple. Consider the first case 6 = 6~ = \gn\0{e'^). 
Using (13. lip we obtain 

J=Jio + Jio, -^10(2;)= / f{l,z,x)q{x)dx. 



Let /i^('r), r G M be the Dirichlet eigenvalue for the problem —y" + q{x + T)y = z'^y, y{0) = 
y{l) = 0. In this case cos0„ in (11.70 is a function from r G M. Below we need facts from |K5] : 

-/^^(r) = ^cos0„(r), Mr) = U0) + 2nnr + O{6), (4.2) 

as 77, ^ 00 uniformly with respect to r G [0, 1]. Asymptotics (13. 3p yield 

(—lY (—1)"' 
^{1, X, x) = + 0(5))(x - /i„(x)) = ^^(1 + 0{e)){e- - /x„(x) + s'0{\g„\)). (4.3) 

7m nn 
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Thus we rewrite e„ — /i„(x) in the form 

g-+£+-|7„| 



This gives 
Jio(x) = 



ip{l, X, x)q{x)dx 



Tcn 



i-m9n\ 

2Txn 

where c„ = cos?/„(0), s 



q{x)dx 



|7„| COS0n(x) - 

2 e-+/i„(x) 



|7n| cos0n(a^) - 1 
2 e-+/i„(x) 



cosyn{x) — 1 + 0{e 

sin?/„(0), and thus 

\9'. ' 



2?™ 



\n+l 



Using f l3.12p we obtain 



sinhtifx) 



\n+l 



X 



27™^" ' 



qo - Cnqcn + SnQsn + 0{e) 



q{x)dx. 
0{e)). 

(4.4) 



2 + 2A(x^) 2 + 0(.2) ' "^""^"^ = -gn(-l)"" ) = -gnC (4.5) 

Note that if f (x) > (or f (x) < 0), then x G (?,^ (or x G (7^) and x is a bound state (or a 
resonance). Moreover, if f (x) = 0, then x = e~ or x = is a virtual state. Then (14. ip gives 
sinhf(x) = t>(x)(l + 0(|(7„p£:^)) and using asymptotics (13.20 . we obtain 

V5(k|-5)(1 + 0(5^)) = v^(l + 0(5^)). 



f (^xj 

Thus diS]) yields 5" = ^(/^)^ and (^TWf gives |7„| = (27rn)|^„|(l + 0(5^)), which yields 
= (l!:^(4-)'(l + 0(e2)). 

If go > 0, then > and above arguments yield that x~ is a bound state and x+ is an 
anti bound state. Conversely, if go < 0, then J ~ < and we deduce that x~ is an anti bound 
state and x+ is a bound state. 

Similar arguments imply the proof for the case = — x+ = \gn\0{e^). 

iii) We have —Cnqcn + Snqsn = —\Qn\ cos(0„ + r^). Then (i) yields the statement (ii). 

iv) An entire function f{z) is said to be of exponential type if there is a constant a such 
that \f{z)\ ^ const, e""'^' everywhere. The function / is said to belong to the Cartwright class 
S'p, if / is entire, of exponential type, and the following conditions are fulfilled: 

log^ \f{x)\dx /n-v log|/(±^y)| 

— — < 00, p±(/) = p, where p±{f) = lim sup . 

1 + 



y 



Denote by A/'^(r, /) the number of zeros of / with real part ^ having modulus ^ r, and 
by A/'~(r, /) the number of its zeros with real part < having modulus ^ r, each zero being 
counted according to its multiplicity. We recall the well known result (see [Koo]). 
Theorem (Levinson). Let the entire function f E S'p, p > {). Then M^{r, f) = ^{p + o(l)) 
as r ^ 00, and for each 5 > the number of zeros of f with modulus ^ r lying outside both 
of the two sectors \ arg^l, | argz — n\ < 6 is o(r) for r ^ 00. 

Let J\f{r, f) be the total number of zeros of / with modulus ^ r. Denote by J^+{r, f) (or 
J\f-{r, f)) the number of zeros of / with imaginary part > (or < 0) having modulus ^ r, 
each zero being counted according to its multiplicity. 
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Let > 0, n G N be all real zeros 7^ of F and let the zero Co = has the multiplicity 
no ^ 2. Let Fi = z"'" linir^oo n|c„|^r(-'- ~ '^^^ Levinson Theorem and Lemma [231 imply 

^f(r,F)=^^{r,Fl)+^^{r,F/F,) = 2r^-^^^^^^, Ar(r, Fi) = 2r^i^ as r ^ 00. 

vr vr 

Then Lemma [3.31 gives the identities Af-{r,F) = A/'+(r, F) = A/'_(r, ^) + N^: for some integer 
^ 0. Thus we obtain 

AA(r,F) =Ar(r,Fi) + 2Ar_(r,e) + 2iV, = 2r^^^^i^, (4.6) 

vr 

which yields Af- (r,^) = ^^*+°('') as r — 00 and (11.91) . 

Due to (11.81) . the high energy states of H and Hq are very close. This gives (ll.lOp . ■ 
Proof of Theorem 11.31 i) Let the operator Ho have infinitely many gaps '~fn ^ ^ for some 
p G L'^{0, 1) and let a = {<Jn)'i' be any sequence, where an G {0, 2}. 

We take a potential q and let qn = qcn + iqsn = Iq-nl^'''^" , n ^ 1 and go = 0. We also 
assume that |g„| > for n large enough and for some a G (0,1). For each 0„ we take 
r„ such that | cos(0„, + r„)| > e > 0. Then due to Theorem 11.21 iii), the operator H has 
an = 1 — signcos(0„ + r„) bound states in the physical gap 7!^'' 7^ and 2 — an resonances inside 
the nonphysical gap 7n 7^ forn large enough. Thus changing r„ we obtain cos(0„ + r„) < 0, 
which yields (j„ = 2 or we obtain signcos(</)„ + r„) > 0, which yields an = 0. 

ii) Let g G Qt,t > satisfy go = and let |gcn| > n~°' for all n large enough and some 
a G (0,1). Let a = (cr„)f^ be any sequence, where (T„ G {0,2}. Let 6 = (5n)r G £^ be a 
sequence of nonnegative numbers 5„ ^ 0, ^ 1 and infinitely many 5„ > 0. 

Recall the result from |K5] : 

The mapping \E' : 7i — £^©£^ given by = ((\E'cn)i°5 ^■^ '"ea/ analytic isomorphism 

between real Hilbert spaces n = {pe L2(0, 1) : j^p{x)dx = 0} and f © f. 

Then for the sequence 5 = (5n)i° ^ there exists a potential p G L'^{0, 1) such that each 
gap length |7„| = Assume that Eq = 0. Moreover, using Theorem 11.21 we deduce that H 
has exactly two simple states A~ , AjJ; G '-fn^ for n large enough and A~ , A^ have asymptotics 



(i?„ + 0(l/n))^ (-i)"+V(A^) = j:^iRn + 0(l/n)), 



(4v™)3^ - — V / ' V y "V -ny (2v™ 

where Rn = -Cnqcn + Snqsn = -\qn\ cos(0„ + Tn) and qn = qcn + iqsn = |gn|e*^" and 0„ is 
defined in (11.71) . The parameters r„ are fixed, but due to above results from [_K5] the angles 
(pn can be any numbers. If we take 0„ such that |-R„| > e > for all 7^ 7^ and some e > 0. 
Moreover, we take (pn such that (T„ = 1 — signcos(0„ + x„). Then Theorem 11.21 we obtain that 
the operator H has cr„ = 1 bound states in the physical gap 'jn^ 7^ and 2 — an resonances 
inside the nonphysical gap 7^^'* 7^ for n large enough. ■ 
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